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AN ASYMPTOTIC FOR THE AVERAGE NUMBER OF AMICABLE
PAIRS FOR ELLIPTIC CURVES
JAMES PARKS
with an appendix by Sumit Giri
Abstract. Amicable pairs for a fixed elliptic curve defined over Q were first considered by
Silverman and Stange where they conjectured an order of magnitude for the function that
counts such amicable pairs. This was later refined by Jones to give a precise asymptotic
constant. The author previously proved an upper bound for the average number of amicable
pairs over the family of all elliptic curves. In this paper we improve this result to an
asymptotic for the average number of amicable pairs for a family of elliptic curves.
1. Introduction
Let E be an elliptic curve defined over Q. For a prime p, let ap(E) denote the trace of the
Frobenius automorphism. Silverman and Stange [SS] define a pair (p, q) of prime numbers
with p < q to be an amicable pair of E if E has good reduction at both p and q and
#Ep(Fp) := p+ 1− ap(Ep) = q and #Eq(Fq) = p. (1.1)
As observed in [SS, Remark 1.5] amicable pairs arose naturally when Silverman and Stange
generalized Smyth’s [Sm] results on index divisibility of Lucas sequences to elliptic divisibility
sequences.
We are interested in the distribution of amicable pairs for a fixed elliptic curve E/Q.
We first define the amicable pair counting function, originally considered by Silverman and
Stange [SS],
πE,2(X) := #{p ≤ X : #Ep(Fp) = q is prime and #Eq(Fq) = p}.
They used a heuristic argument to give the following conjecture for the behavior of πE,2(X).
Conjecture 1.1 (Silverman-Stange). Let E/Q be an elliptic curve. Assume that there
are infinitely many primes p such that #Ep(Fp) is prime. Then as X →∞ we have that
πE,2(X) ≍
√
X
(logX)2
if E does not have complex multiplication (CM)
and
πE,2(X) ∼ AE X
(logX)2
if E has CM,
where the implied constants in ≍ are both positive and depend only on E and AE is a precise
positive constant.
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Remark 1.2. (i) Silverman and Stange [SS] also defined an L-tuple (p1, . . . , pL) of distinct
prime numbers to be an aliquot cycle of length L ≥ 2 of E if E has good reduction at each
prime pi and
#Epi(Fpi) = pi+1 for 1 ≤ i ≤ L− 1 and #EpL(FpL) = p1.
They also introduced the analogously defined aliquot cycle counting function πE,L(X), and
gave a conjecture for its behavior in the non-CM case. The main focus of their work was on
aliquot cycles in the CM-case, where they proved that there are only finitely many under
certain conditions when L ≥ 3 as well as showing that more structure occurs in the case
L = 2.
Jones [J] refined Conjecture 1.1 in the non-CM case for aliquot cycles by using a heuristic
argument similar to that of Lang and Trotter [LT]. We state the refined conjecture in the
particular case of amicable pairs below.
Conjecture 1.3 (Jones). Let E/Q be an elliptic curve without complex multiplication.
Then there is a non-negative real constant CE,2 ≥ 0 such that, as X →∞, we have that
πE,2(X) ∼ CE,2
∫ X
2
1
2
√
t(log t)2
dt.
We note that the conjectured asymptotic is consistent with Conjecture 1.1. Moreover,
Jones gave an explicit expression for the constant CE,2 in terms of invariants of the elliptic
curve E. We discuss this constant in greater detail below.
For a non-zero integer n, we denote the n-torsion subgroup of E by E[n]. Let Q(E[n])
be the field generated by adjoining to Q the x and y-coordinates of the n-torsion points of
E. We have that E[n] ∼= Z/nZ × Z/nZ for n ≥ 2. Since each element of the Galois group
Gal(Q¯/Q) acts on E[n] we have that Gal(Q(E[n])/Q) ⊆ GL2(Z/nZ) (see [Si, Chapter III.7]).
If [GL2(Z/nZ) : Gal(Q(E[n])/Q)] ≤ 2 for each n ≥ 1 then E is called a Serre curve
(see [Se, pp. 309-311] and [LT, p. 51]). Jones [J] has shown that for any Serre curve E
the conjectural constant CE,2 is positive and CE,2 = C2 · f2(∆sf (E)), where ∆sf(E) denotes
the square-free part of the discriminant of any Weierstrass model of E and f2 is a positive
function which approaches 1 as ∆sf(E)→∞. In particular, Jones [J] gave the formula
C2 =
8
3π2
lim
k→∞
n2k ·#
{
(g1, g2) ∈ GL2(Z/nkZ)2 : det(g2) ≡ det(g1) + 1− tr(g1) (mod nk)det(g1) ≡ det(g2) + 1− tr(g2) (mod nk)
}
|GL2(Z/nkZ)|2 ,
(1.2)
where nk =
∏
ℓ≤k ℓ
k.
There are currently no techniques known to approach conjectures like Conjecture 1.3 for a
single elliptic curve. A much more tractable problem is to consider the behaviour of πE,2(X)
averaged over a family of elliptic curves. This approach has been used successfully to address
many other problems related to distributions of invariants of elliptic curves. The most well
known is the Lang-Trotter Conjecture [LT] which counts the number of primes p ≤ X such
that ap(E) = t for a fixed integer t. The Lang-Trotter Conjecture was first shown to hold on
average over a family of elliptic curves in the case t = 0 by Fouvry and Murty [FM, Thoerem
6] and then extended to the case of nonzero integers by David and Pappalardi [DP].
We let a and b be integers and let Ea,b be the elliptic curve given by the Weierstrass
equation
Ea,b : y
2 = x3 + ax+ b,
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with discriminant ∆(Ea,b) 6= 0. For A,B > 0 we consider the two parameter family of elliptic
curves as
C := C(A,B) = {Ea,b : |a| ≤ A, |b| ≤ B,∆(Ea,b) 6= 0}. (1.3)
Conjecture 1.3 was considered on average in [P] over the family C(A,B) in (1.3) where the
conjectured upper bound for the average number of aliquot cycles with small bounds on the
size of A and B was obtained (cf. [P, Theorem 1.6]). In this paper we extend this result to
an asymptotic on average in the particular case of amicable pairs. We first state this result
given in terms of a sum over primes.
Theorem 1.4. Let ǫ > 0, let E/Q be an elliptic curve, and let C be the family of elliptic
curves in (1.3) with
A,B > Xǫ and X3(logX)6 < AB < eX
1
6−ǫ.
Then we have that
1
|C|
∑
E∈C
πE,2(X) =
8
3π2
∑
p≤X
C2(p)√
p log p
+O
( √
X
(logX)2+ǫ
)
,
where
C2(p) :=
4
9
∏
ℓ>2
(
1− (2ℓ
4 + 3ℓ3)
(
p−1
ℓ
)2
+ ℓ3
(
p
ℓ
)− ℓ4 + 2ℓ3 + 4ℓ2 − 1
(ℓ2 − 1)3
)
. (1.4)
In an appendix by Sumit Giri it will be shown that if we average the function C2(p) defined
in (1.4) over the set of primes up to X then we will obtain the constant C given in (1.6).
Applying Theorem A.1 and partial summation we obtain the following result.
Theorem 1.5. Under the same conditions as Theorem 1.4 we have that
1
|C|
∑
E∈C
πE,2(X) =
8C
3π2
√
X
(logX)2
+O
( √
X
(logX)2+ǫ
)
, (1.5)
where
C :=
∏
ℓ
(
1− (2ℓ
4 + 3ℓ3)(ℓ− 2)− (ℓ− 1)(ℓ4 − 2ℓ3 − 4ℓ2 + 1)
(ℓ− 1)(ℓ2 − 1)3
)
. (1.6)
Remark 1.6. The average number of aliquot cycles, and in particular amicable pairs, has
been independently studied by David, Koukoulopolous and Smith [DKS, Theorem 1.6] using
different techniques building upon a theorem of Gekeler [G, Theorem 5.5]. They also obtain
an asymptotic result on average with an average constant expressed as
C ′ =
8
3π2
∏
ℓ
lim
k→∞
M(ℓ, k)
where
M(ℓ, k) :=
ℓ2k ·#
{
(σ1, σ2) ∈ GL2(Z/ℓkZ)2 : det(σ2) ≡ det(σ1) + 1− tr(σ1) (mod ℓ
k)
det(σ1) ≡ det(σ2) + 1− tr(σ2) (mod ℓk)
}
|GL2(Z/ℓkZ)|2 .
However, we note that the constant C is not an obvious consequence of the limit of M(ℓ, k).
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Remark 1.7. Jones [J] also determined the Euler product representation of M(ℓ, 1) which
can be used to find the first approximation of C2. However, it is not always the case that
M(ℓ, 1) =M(ℓ, k) for k > 11. In fact, for ℓ > 2 it is unclear if M(ℓ, k) stabilizes at all.
The main result of this paper, Theorem 1.4, significantly improves [P, Theorem 3.1] in the
case of amicable pairs, that is, when L = 2 from an upper bound on average to an asymptotic
result on average. The main tools used in this improvement are standard applications of
Duering’s theorem and the analytic class number formula along with a generalization of the
approach of David and Smith [DS1], [DS2].
For an elliptic curve E/Q and a fixed integer N , David and Smith [DS1], [DS2] and
Chandee, David, Koukoulopoulos and Smith [CDKS] considered the related function that
counts the number of primes p such that #Ep(Fp) = N . Many of the techniques used to
sum class numbers in the proofs of [DS1, Theorem 3 and Theorem 7] as well as [CDKS,
Proposition 5.1] generalize to the case of amicable pairs. However, the case of amicable pairs
is more technical since we must now consider a sum of a product of class numbers.
1.1. Acknowledgment. This work was first started during my PhD under my advisor,
Chantal David and I would like to thank her for all her great advice and insight while working
on this problem. Also, I am extremely grateful to Amir Akbary for his encouragement and
helpful intuition during the writing of this paper. I would also like to thank Sumit Giri for
his careful reading and suggestions. Finally, I would like to thank Nathan Jones and Dimitris
Koukoulopoulos for their very helpful discussions related to this paper.
2. Preliminaries
We first fix notation. Throughout this paper we use ℓ, p, and q to denote primes. For an
elliptic curve E/Q, we define the lower and upper limits of the Hasse bound as
p− := p+ 1− 2√p < #Ep(Fp) < p+ := p+ 1 + 2√p. (2.1)
Let n be a positive integer n. Then we let P+(n) denote its largest prime factor and define
νℓ(n) to be the non-negative integer α such that ℓ
α ‖ n. Let m be a positive integer, then
we define κm(n) to be the multiplicative function defined on prime powers by
κm(ℓ
νℓ(n)) :=
{
ℓ if 2 ∤ νℓ(n) and ℓ ∤ m,
1 otherwise.
(2.2)
Let χd be the real Dirichlet character given by the Kronecker symbol
χd(n) :=
(
d
n
)
and associated Dirichlet series given by
L(s, χd) :=
∞∑
n=1
χd(n)
ns
=
∏
ℓ
(
1− χd(ℓ)
ℓs
)−1
for ℜ(s) > 1.
Then for y > 1 we define the truncated quadratic Dirichlet L-function as
L(1, χd; y) :=
∏
ℓ≤y
(
1− χd(ℓ)
ℓ
)−1
.
1For example, M(3, 1) 6=M(3, 2).
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We also make use of the notation
E(X, Y ; q) := max
(a,q)=1
∣∣∣∣∣
∑
X<p≤X+Y
p≡a (mod q)
log p− Y
ϕ(q)
∣∣∣∣∣. (2.3)
Lastly, for positive integers m and n we consider the symmetric function
D(m,n) := (m+ 1− n)2 − 4m = D(n,m), (2.4)
which occurs frequently in our calculations.
We require the following two technical results in the proofs of Theorem 1.4 and Proposition
3.2. The first proposition is a consequence of a result of Granville and Soundararajan [GS]
which is essentially due to Elliot [E]. It allows us to bound the error terms in our calculations
in Proposition 3.2.
Proposition 2.1 (Granville-Soundararajan). Let α ≥ 1 and Q ≥ 3. There is a set
Eα(Q) ⊂ [1, Q] of at most Q 2α integers such that if χ is a Dirichlet character modulo q ≤
exp{(logQ)2}, whose conductor does not belong to Eα(Q), then
L(1, χ) = L(1, χ; (logQ)8α
2
)
(
1 +Oα
(
1
(logQ)α
))
.
Proof. The result is stated in terms of primitive characters in [GS, Proposition 2.2]. The
proof of the proposition in its present form is given in [CDKS, Lemma 2.3]. 
The second result we require is the following version of the Bombieri-Vinogradov theorem
for primes in short arithmetic progressions.
Lemma 2.2 (Koukoulopoulos). Let ǫ > 0 and let A ≥ 1. For 2 ≤ Y ≤ X and 1 ≤ Q2 ≤
Y/X1/6+ǫ, we have that ∫ 2X
X
∑
q≤Q
E(u, Y ; q)du≪ XY
(logX)A
.
Proof. This result follows from [K, Theorem 1.1]. 
We now state the analytic class number formula for quadratic Dirichlet L-functions (cf.
[Da, Chapter 6]).
Theorem 2.3. Let D = df 2 be a negative number such that d is a negative fundamental
discriminant and let χd be the Kronecker symbol. Then
h(d)
w(d)
=
√−d
2π
L(1, χd),
where h(d) denotes the usual class number of the imaginary quadratic order of discriminant
d and w(d) is the number of roots of unity in Q(
√
d).
We recall the following formulation of the definition of the Hurwitz-Kronecker class number
(cf. [L]). Let D be a negative (not necessarily fundamental) discriminant. Then the Hurwitz-
Kronecker class number of discriminant D is defined by
H(D) =
∑
f2|D
D
f2
≡0,1 (mod 4)
h
(
D
f2
)
w
(
D
f2
) ,
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where w(D) is the number of roots of unity contained in Q(
√
D). This formulation leads to
the following useful result of Deuring [De].
Theorem 2.4 (Deuring). Let p > 3 be a prime and let t be an integer such that t2−4p < 0.
Then ∑
E¯/Fp
ap(E¯)=t
1
#Aut(E¯)
= H(t2 − 4p),
where E¯ denotes a representative of an isomorphism class of E/Fp.
The following result [P, Theorem 3.1] allows us to interpret the average number of amicable
pairs in terms of a sum of Hurwitz-Kronecker class numbers.
Theorem 2.5. Let ǫ > 0, let E/Q be an elliptic curve, and let C be the family of elliptic
curves in (1.3) with
A,B > Xǫ and X3(logX)6 < AB < eX
1
6−ǫ.
Then as X →∞ we have that
1
|C|
∑
E∈C
πE,2(X) =
{∑
p≤X
1
p
∑
p−<q<p+
H(D(p, q))2
q
}(
1 +O
(
1
Xǫ
))
. (2.5)
In the analysis of the inner sum in (2.5) we require the following two lemmas.
Lemma 2.6 (David-Smith). Let f,m, n be positive integers. Then
#{m ∈ Z/fZ : D(m,n) ≡ 0 (mod f)} ≪
√
f.
Proof. The proof is given in [DS1, Lemma 12]. 
Lemma 2.7 (David-Smith). Let p be a prime and let x be a positive real number. Then∑
n>x
1
κ2p(n)ϕ(n)
≪ 1√
x
and
∑
n≥1
1
κ2p(n)ϕ(n)
≪ 1.
Proof. The result follows by specializing to the case where N is a prime in [DS1, Lemma
8]. 
3. An asymptotic result for a sum of a product of class numbers
The goal of this section is to first determine an asymptotic result for the inner sum in
(2.5) and then to give the proof of the main result, Theorem 1.4.
Theorem 3.1. Let γ > 0, let p, q be distinct primes, and let ǫ > 0. Define Y :=
√
p
(log p)γ+5
,
then we have that
∑
p−<q<p+
H(D(p, q))2
q
=
8C2(p)
√
p
3π2 log p
+O
( √
p
(log p)1+γ
+
1
log p
∑
−2√p
Y
<k≤ 2
√
p
Y
∑
f1,f2≤(log 4p)32+8γ
f1f2
∑
n1,n2≤pǫ
E(p + 1 + kY, Y ; 4[n1f
2
2 , n2f
2
2 ])
)
, (3.1)
where C2(p) is given in (1.4).
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Proof. We first consider the left hand side of (3.1) and divide the interval (p−, p+) into
intervals of length Y . We define these subintervals as
I :=
[−2√p
Y
,
2
√
p
Y
)
∩ Z,
where for each k ∈ I, we write Xk := p + 1 + kY . Next we let di := D(p, q)/f 2i for i = 1, 2
and define
χd1 :=
(
D(p, q)/f 21
·
)
and χd2 :=
(
D(p, q)/f 22
·
)
.
For p, q > 2 we have that D(p, q) is odd and hence fi is also odd for i = 1, 2. Therefore
the condition D(p, q)/f 2i ≡ 1 (mod 4) is always satisfied for i = 1, 2. Applying Theorem 2.3
gives
∑
p−<q<p+
H(D(p, q))2
q
=
∑
k∈I
∑
Xk<q≤Xk+Y
H(D(p, q))2
q
=
1
4π2
∑
k∈I
∑
Xk<q≤Xk+Y
|D(p, q)|
q
∑
f21 ,f
2
2 |D(p,q)
L(1, χd1)L(1, χd2)
f1f2
=
1
4π2
∑
k∈I
∑
f1,f2≤2
√
Xk+Y
1
f1f2
∑
Xk<q≤Xk+Y
f21 ,f
2
2 |D(p,q)
|D(p, q)|L(1, χd1)L(1, χd2)
q
.
(3.2)
We now focus on the inner sum of (3.2) and write
|D(p, q)|
q
=
|D(p,Xk)| log q
p log p
+
( |D(p, q)|
q
− |D(p,Xk)| log q
p log p
)
.
If q is a prime in the interval (Xk, Xk + Y ], then q = Xk + O(Y ), and hence D(p, q) =
D(p,Xk) +O(Y
√
p). Since it is also true that q = p+O(
√
p) we have that∣∣∣∣ |D(p, q)|q − |D(p,Xk)| log qp log p
∣∣∣∣≪ |D(p,Xk)|
p
3
2
+
Y√
p
.
Thus (3.2) becomes
∑
p−<q<p+
H(D(p, q))2
q
=
1
4π2p log p
∑
k∈I
|D(p,Xk)|
∑
f1,f2≤2
√
Xk+Y
1
f1f2
∑
Xk<q≤Xk+Y
f21 ,f
2
2 |D(p,q)
L(1, χd1)L(1, χd2) log q
+O
(∑
k∈I
∑
f1,f2≤2
√
Xk+Y
1
f1f2
∑
Xk<q≤Xk+Y
f21 ,f
2
2 |D(p,q)
L(1, χd1)L(1, χd2)
( |D(p,Xk)|
p
3
2
+
Y√
p
))
. (3.3)
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By the convexity bound L(1, χdi)≪ log |di| ≪ log p for i = 1, 2 we have that the error term
in (3.3) is bounded by
Y (log p)4
p
3
2
∑
k∈I
|D(p,Xk)|+ Y (log p)4. (3.4)
Since D(p,Xk) = 0 for k on the end points of the interval
[−2√p
Y
,
2
√
p
Y
]
⊇ I, we have by
the Euler-MacLaurin summation formula that
∑
k∈I
|D(p,Xk)| =
∫ 2√p
Y
−2√p
Y
(4p− (tY )2)dt+O
(∫ 2√p
Y
−2√p
Y
|t|Y 2dt
)
=
32p
3
2
3Y
+O (p) . (3.5)
From (3.4) and (3.5) we have that the error term in (3.3) becomes O(Y 2(log p)4). We then
set X := Xk and define the inner sum in the main term of (3.3) as
S1 :=
∑
f1,f2≤2
√
X+Y
1
f1f2
∑
X<q≤X+Y
f21 ,f
2
2 |D(p,q)
L(1, χd1)L(1, χd2) log q. (3.6)
We have the following technical result for the sum in (3.6). We delay the proof until
Section 4.
Proposition 3.2. Let ǫ, γ > 0. Suppose that p− < X < X + Y ≤ p+ with Y ≫
√
p
(log p)ν
for
ν ≥ 0. Then we have that
∑
f1,f2≤2
√
X+Y
1
f1f2
∑
X<q≤X+Y
f21 ,f
2
2 |D(p,q)
L(1, χd1)L(1, χd2) log q = C2(p)Y +O
(
Y
(log p)γ
+
∑
f1,f2≤(log 4p)12+4ν+4γ
f1f2
∑
n1,n2≤pǫ
E(X, Y ; 4[n1f
2
2 , n2f
2
2 ])
)
,
where C2(p) is defined in (1.4).
The result now follows from applying Proposition 3.2 with ν = 5+γ and (3.5) to the main
term in (3.3) and (3.4) and applying the fact that |D(p,Xk)| ≪ p to the error terms. 
We now use Lemma 2.2 and Theorem 3.1 to prove the main result of this paper.
Proof. (Proof of Theorem 1.4) We first apply the result from Theorem 3.1 in Theorem 2.5,
which gives
1
|C|
∑
E∈C
πE,2(X) =
8
3π2
∑
p≤X
C2(p)√
p(log p)
(
1 +O(X−ǫ)
)
+O

∑
p≤X
1
p log p
∑
−2√p
Y
<k≤ 2
√
p
Y
∑
f1,f2≤(log 4p)32+8γ
f1f2
∑
n1,n2≤pǫ
E(Xk, Y ; 4[n1f
2
2 , n2f
2
2 ])

 . (3.7)
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Now the remainder of the proof is reduced to showing that
∑
p≤X
1
p log p
∑
−2√p
Y
<k≤ 2
√
p
Y
∑
f1,f2≤(log 4p)32+8γ
f1f2
∑
n1,n2≤pǫ
E(Xk, Y ; 4[n1f
2
2 , n2f
2
2 ])≪
√
X
(logX)2+ǫ
.
(3.8)
We first bound the inner sum in (3.8), which gives∑
f1,f2≤(log 4p)32+8γ
f1f2
∑
n1,n2≤pǫ
E(Xk, Y ; 4[n1f
2
2 , n2f
2
2 ])≪ (log 4p)64+16γ
∑
m≤p3ǫ
E(Xk, Y ;m).
Next we set
j :=
(p+ 1)
Y
+ k and f(p) :=
(log p)63+16γ
p
,
and by extending the sum over primes to a sum over all integers we have that the left hand
side of (3.8) is bounded by∑
p≤X
f(p)
∑
p−
Y
<j≤ p+
Y
∑
m≤p3ǫ
E(jY, Y ;m) ≤
∑
n≤X
f(n)
∑
n−
Y
<j≤n+
Y
∑
m≤n3ǫ
E(jY, Y ;m).
We break up the sum into dyadic intervals which gives∑
X
2
<n≤X
f(n)
∑
n−
Y
<j≤n+
Y
∑
m≤n3ǫ
E(jY, Y ;m)≪ f(X)
∑
m≤X3ǫ
∑
j≍X
Y
E(jY, Y ;m)
∑
X
2
<n≤X
(jY )−<n≤(jY )+
1
≪f(X)
√
X
∑
m≤X3ǫ
∑
j≍X
Y
E(jY, Y ;m) := E ′.
Let B > 0 and set Y ′ := Y
(logX)B+4
. Then we have that
E ′ ≪f(X)
√
X
∑
m≤X3ǫ
∑
j≍X
Y
(
1
Y ′
∫ jY+Y ′
jY
E(u, Y ;m)du+
Y ′
m
)
≪f(X)
√
X
Y ′
∑
m≤X3ǫ
∫ c2X
c1X
E(u, Y ;m)du+
f(X)X
3
2
(logX)B+3
. (3.9)
The result follows by applying Lemma 2.2 to (3.9) with B = 62+17γ and A = 126+32γ. 
4. Proof of Proposition 3.2
In this section we give the proof of Proposition 3.2 stated in the previous section. Ex-
panding upon the techniques of [DS1, Theorem 7] and [P, Proposition 3.2], we determine
the coefficient of the main term for S1 in (3.6) as a function of p.
Proof. (Proof of Proposition 3.2) Recall from (3.6) that
S1 :=
∑
f1,f2≤2
√
X+Y
1
f1f2
∑
X<q≤X+Y
f21 ,f
2
2 |D(p,q)
L (1, χd1)L (1, χd2) log q. (4.1)
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For the duration of this section let z := log(4p) and let α be a parameter ≥ 10. Now
let S ′1 denote the double sum on the right hand side of (4.1) with L
(
1, χdi ; z
8α2
)
in place
of L (1, χdi) for i = 1, 2. We estimate the error term S1 − S ′1 by applying Proposition 2.1
with Q = 4p. We have that 0 ≤ −D(p, q) ≤ 4p for q ∈ (p−, p+). Moreover, Q
(√
D(p,q)
f2i
)
=
Q(
√
D(p, q)) and hence the conductor of χdi is equal to disc(Q(
√
D(p, q))) for i = 1, 2. If
disc(Q(
√
D(p, q))) 6∈ Eα(4p) then by Proposition 2.1 and Mertens’ theorem,
L(1, χd1)L(1, χd2)− L(1, χd1; z8α
2
)L(1, χd2 ; z
8α2)≪α (log z)
2
zα
.
If disc(Q(
√
D(p, q))) ∈ Eα(4p) then for i = 1, 2, we use the convexity bound L (1, χdi) ≪
log p. In this case we have that
L(1, χd1)L(1, χd2)− L(1, χd1 ; z8α
2
)L(1, χd2 ; z
8α2)≪α z2,
and thus
S1 − S ′1 ≪α
(log z)2
zα
∑
f1,f2≤2
√
X+Y
1
f1f2
∑
X<q≤X+Y
f21 ,f
2
2 |D(p,q)
disc(Q(
√
D(p,q)))6∈Eα(4p)
log q
+ z2
∑
f1,f2≤2
√
X+Y
1
f1f2
∑
X<q≤X+Y
f21 ,f
2
2 |D(p,q)
disc(Q(
√
D(p,q)))∈Eα(4p)
log q.
For q ∈ (p−, p+) such that ∆ := disc(Q(√D(p, q))) ∈ Eα(4p) we have that D(p, q) = ∆m2
for some m ∈ N. Equivalently (p + 1 − q)2 − ∆m2 = 4p, where ∆ ≡ D(p, q) ≡ 1 (mod 4).
Let n = p+ 1− q, then for a fixed ∆ ∈ Eα(4p) we need to determine the quantity
r(4p, 2) :=#{(m,n) ∈ Z2 : n2 −∆m2 = 4p},
=#
{
n +m
√
∆
2
∈ OK : N
(
n +m
√
∆
2
)
= p
}
,
where K = Q(
√
∆) = Q(
√
D(p, q)),OK is its ring of integers, and N(·) is the norm of an
element in K. Note that
#{I ⊆ OK : N(I) = d} =
∑
k|d
(
∆
k
)
,
where N(I) denotes the norm of an ideal I ⊆ OK . Thus,
r(4p, 2)
6
≤ #{I ⊆ OK : N(I) = p} =
∑
k|p
(
∆
k
)
≤ 2
and hence r(4p, 2) ≤ 12. Since there are at most 12 admissible pairs (m,n) there are at
most 12 admissible values of q since p is fixed. We have that α ≥ 10, and therefore from
Proposition 2.1 we have that
#{p− < q < p+ : disc(Q(
√
D(p, q))) ∈ Eα(4p)} ≤ 12#Eα(4p)≪ p 15 .
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From the bound ∑
f1,f2≤2
√
X+Y
1
f1f2
∑
X<q≤X+Y
f21 ,f
2
2 |D(p,q)
log q ≪ Y (log p)3, (4.2)
we conclude that
S1 − S ′1 ≪α
(log z)2
zα
Y (log p)3 + z2p
1
5 (log p)3 ≪α Y
(
(log p)3(log log 4p)2
(log 4p)α
)
. (4.3)
Let u ≥ 1 be a parameter to be determined later and for convenience let y := z8α2 . We have
that
L(1, χ; y) =
∑
P+(n)≤y
χ(n)
n
=
∑
P+(n)≤y
n≤yu
χ(n)
n
+O
( ∑
P+(n)≤y
n>yu
1
n
)
.
Note that for the error term above we have that
∑
P+(n)≤y
n>yu
1
n
≤ 1
eu
∑
P+(n)≤y
n>yu
1
n1−
1
log y
≤ 1
eu
∏
p≤y
(
1− 1
p1−
1
log y
)−1
=
1
eu
∏
p≤y
(
1− 1
p
+O
(
log p
p log y
))−1
≪ 1
eu
∏
p≤y
(
1− 1
p
)−1∏
p≤y
(
1 +O
(
log p
(p− 1) log y
))−1
≪ log y
eu
,
since the sum
∑
p≤y
log p
(p−1) log y converges. Then
L(1, χd1 ; y)L(1, χd2; y) =
∑
P+(n1),P+(n2)≤y
n1,n2≤yu
χd1(n1)χd2(n2)
n1n2
+O
(
log y
eu
∑
P+(n)≤y
n≤yu
1
n
+
(log y)2
e2u
)
(4.4)
and by (4.2), (4.3) and (4.4), we have that (4.1) becomes
S1 =
∑
f1,f2≤2
√
X+Y
1
f1f2
∑
X<q≤X+Y
f21 ,f
2
2 |D(p,q)
log q
∑
P+(n1),P+(n2)≤y
n1,n2≤yu
χd1(n1)χd2(n2)
n1n2
+Oα
(
Y (log log 4p)2
(log p)α−3
+
Y u(log p)3(log y)2
eu
)
. (4.5)
Let V be a parameter to be determined later such that 1 ≤ V ≤ 2√X + Y . We write the
main term in (4.5) as
∑
f1,f2≤V
1
f1f2
∑
P+(n1),P+(n2)≤y
n1,n2≤yu
1
n1n2
∑
X<q≤X+Y
f21 ,f
2
2 |D(p,q)
χd1(n1)χd2(n2) log q +
( ∑
f1≤V
V≤f2≤2
√
X+Y
+
∑
V <f1≤2
√
X+Y
f2≤V
+
∑
V <f1,f2≤2
√
X+Y
)
1
f1f2
∑
P+(n1),P+(n2)≤y
n1,n2≤yu
1
n1n2
∑
X<q≤X+Y
f21 ,f
2
2 |D(p,q)
χd1(n1)χd2(n2) log q
:=M1 + E1. (4.6)
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From Lemma 2.6 and the definition of Y we have that the inner sum in E1 in (4.6) is∑
P+(n1),P+(n2)≤y
n1,n2≤yu
1
n1n2
∑
X<q≤X+Y
f21 ,f
2
2 |D(p,q)
χd1(n1)χd2(n2) log q
≪ log p
∑
P+(n1),P+(n2)≤y
n1,n2≤yu
1
n1n2
∑
X<k≤X+4√p
f1,f2|D(p,k)
1
≪(log p)√p
∑
P+(n1),P+(n2)≤y
n1,n2≤yu
#{m ∈ Z/[f1, f2]Z : D(p,m) ≡ 0 (mod [f1, f2])}
n1n2[f1, f2]
≪
√
p(log p)u2(log y)2√
[f1, f2]
. (4.7)
Hence, from (4.7) we have that
E1 ≪√p(log p)u2(log y)2
( ∑
f1≤V
V≤f2≤2
√
X+Y
+
∑
V <f1≤2
√
X+Y
f2≤V
+
∑
V <f1,f2≤2
√
X+Y
)√
(f1, f2)
(f1f2)
3
2
≪
√
p(log p)u2(log y)2
V
1
4
, (4.8)
by using the bound (f1, f2)≪
√
f1f2.
Combining the bounds from (4.8) and (4.6) with (4.5) gives
S1 =
∑
f1,f2≤V
1
f1f2
∑
P+(n1),P+(n2)≤y
n1,n2≤yu
1
n1n2
∑
X<q≤X+Y
f21 ,f
2
2 |D(p,q)
χd1(n1)χd2(n2) log q
+Oα
(
Y (log log 4p)2
(log p)α−3
+
Y u(log p)3(log y)2
eu
+
√
p(log p)u2(log y)2
V
1
4
)
. (4.9)
Then by quadratic reciprocity we have that the main term in (4.9) becomes
∑
f1,f2≤V
1
f1f2
∑
P+(n1),P+(n2)≤y
n1,n2≤yu
1
n1n2
∑
a1∈Z/4n1Z
a2∈Z/4n2Z
a1≡a2≡1 (mod 4)
(
a1
n1
)(
a2
n2
) ∑
X<q≤X+Y
D(p,q)≡a1f21 (mod 4n1f21 )
D(p,q)≡a2f22 (mod 4n2f22 )
log q
=
∑
f1,f2≤V
1
f1f2
∑
P+(n1),P+(n2)≤y
n1,n2≤yu
1
n1n2
∑
a1∈Z/4n1Z
a2∈Z/4n2Z
a1≡a2≡1 (mod 4)
(
a1
n1
)(
a2
n2
)
×
( ∑
b∈(Z/4[n1f21 ,n2f22 ]Z)∗
D(p,b)≡a1f21 (mod 4n1f21 )
D(p,b)≡a2f22 (mod 4n2f22 )
∑
X<q≤X+Y
q≡b (mod 4[n1f21 ,n2f22 ])
log q +
∑
X<q≤X+Y
D(p,q)≡a1f21 (mod 4n1f21 )
D(p,q)≡a2f22 (mod 4n2f22 )
q|4[n1f21 ,n2f22 ]
log q
)
. (4.10)
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Since q 6= 2, if q | 4[n1f 21 , n2f 22 ] then either q | n1f 21 or q | n2f 22 . If q | n1f 21 then since
D(p, q) = q2 − 2(p + 1)q + (p − 1)2 ≡ a1f 21 (mod 4n1f 21 ) then q | (4n1f 21 , (p − 1)2 − a1f 21 ).
This implies that q | n1(p − 1). Similarly, if q | n2f 22 then q | n2(p − 1). Thus, the second
sum in (4.10) is bounded by
∑
f1,f2≤V
1
f1f2
∑
n1,n2≤yu

∑
q|n1
log q +
∑
q|n2
log q +
∑
q|p−1
log q


≪
∑
f1,f2≤V
1
f1f2
∑
n1,n2≤yu
log(n1n2(p− 1))≪ y2u(log V )2(u log y + log p). (4.11)
Let L := 4[n1f
2
1 , n2f
2
2 ] then we replace the first inner sum in (4.10) by
∑
X<q≤X+Y
q≡b (mod L)
log q :=
Y
ϕ(L)
+

 ∑
X<q ≤X+Y
q≡b (mod L)
log q − Y
ϕ(L)

 .
If we fix b ∈ (Z/LZ)∗ there is at most one pair (a1, a2) ∈ Z/4n1Z × Z/4n2Z such that
D(p, b) ≡ aif 2i (mod 4nif 2i ) for i = 1, 2. Hence, we have that
∑
a1∈Z/4n1Z
a2∈Z/4n2Z
a1≡a2≡1 (mod 4)
(
a1
n1
)(
a2
n2
) ∑
b∈(Z/LZ)∗
D(p,b)≡a1f21 (mod 4n1f21 )
D(p,b)≡a2f22 (mod 4n2f22 )
( ∑
X<q ≤X+Y
q≡b (mod L)
log q − Y
ϕ(L)
)
≪
∑
b∈(Z/LZ)∗
∣∣∣∣∣
∑
X<q ≤X+Y
q≡b (mod L)
log q − Y
ϕ(L)
∣∣∣∣∣ ≤ ϕ(L)E(X, Y ;L), (4.12)
where the definition of E(X, Y ; q) is given in (2.3). From (4.10), (4.11) and (4.12) we have
that (4.9) becomes
S1 =Y
∑
f1,f2≤V
1
f1f2
∑
P+(n1)≤y
P+(n2)≤y
n1,n2≤yu
1
ϕ(L)n1n2
∑
a1∈Z/4n1Z
a2∈Z/4n2Z
a1≡a2≡1 (mod 4)
(
a1
n1
)(
a2
n2
) ∑
b∈(Z/LZ)∗
D(p,b)≡a1f21 (mod 4n1f21 )
D(p,b)≡a2f22 (mod 4n2f22 )
1
+Oα
(
Y (log log 4p)2
(log p)α−3
+
Y u(log p)3(log y)2
eu
+
√
p(log p)u2(log y)2
V
1
4
+ y2u(log V )2(u log y + log p) +
∑
f1,f2≤V
f1f2
∑
n1,n2≤yu
E(X, Y ;L)
)
. (4.13)
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Let ℓ be a prime then by the Chinese remainder theorem we have that the inner sum in
the main term of (4.13) becomes
∑
a1∈Z/4n1Z
a2∈Z/4n2Z
a1≡a2≡1 (mod 4)
(
a1
n1
)(
a2
n2
)∏
ℓ|L
#
{
m ∈ (Z/ℓνℓ(L)Z)∗ : D(p,m) ≡ a1f 21 (mod ℓνℓ(4n1f
2
1 ))
and D(p,m) ≡ a2f 22 (mod ℓνℓ(4n2f
2
2 ))
}
. (4.14)
Note that the set in the product of (4.14) is empty unless
a1f
2
1 ≡ a2f 22 (mod (4n1f 21 , 4n2f 22 )).
For convenience, we give the notation,
(a, f, n) :=
{
(a1, f1, n1) if max{νℓ(4n1f 21 ), νℓ(4n2f 22 )} = νℓ(4n1f 21 ),
(a2, f2, n2) if max{νℓ(4n1f 21 ), νℓ(4n2f 22 )} = νℓ(4n2f 22 ).
(4.15)
Then we write (4.14) as
∑
a1∈Z/4n1Z,a2∈Z/4n2Z
a1≡a2≡1 (mod 4)
a1f21≡a2f22 (mod (4n1f21 ,4n2f22 ))
(
a1
n1
)(
a2
n2
)∏
ℓ|L
C(ℓ)p (a, f, n), (4.16)
where
C(ℓ)p (a, f, n) := #{m ∈
(
Z/ℓνℓ(4nf
2)Z
)∗
: D(p,m) ≡ af 2 (mod ℓνℓ(4nf2))}.
A more general version of the sum C
(ℓ)
p (a, f, n) where p is any odd integer was first considered
in [DS1]. Since we only consider when p is prime, we have the following special case of [DS1,
Lemma 10].
Lemma 4.1. Let p be an odd prime, let f be odd and let a ≡ 1 (mod 4). Let ℓ be any odd
prime dividing nf , and let e = νℓ(4nf
2) = νℓ(nf
2). If ℓ ∤ 4p+ af 2, then
C(ℓ)p (a, f, n) =
{
1 +
(
4p+af2
ℓ
)
if ℓ ∤ (p− 1)2 − af 2,
1 if ℓ | (p− 1)2 − af 2.
If ℓ | 4p+ af 2, then, with s = νℓ(4p+ af 2), we have
C(ℓ)p (a, f, n) =


2
(
p+1
ℓ
)2
ℓ
s
2 if 1 ≤ s < e, 2 | s, and
(
(4p+af2)/ℓs
ℓ
)
= 1,(
p+1
ℓ
)2
ℓ⌊e/2⌋ if s ≥ e,
0 otherwise.
In particular, if ℓ | f , then
C(ℓ)p (a, f, n) := C
(ℓ)
p (1, f, 1) =
{
1 +
(
p(p−1)2
ℓ
)
if ℓ 6= p,
0 otherwise.
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Furthermore,
C(2)p (a, f, n) =


2 if ν2(4nf
2) = 2 + ν2(n) = 2,
4 if ν2(4nf
2) = 2 + ν2(n) ≥ 3 and a ≡ 5 (mod 8),
0 otherwise.
Since C
(2)
p (a, f, n) does not depend on f , for convenience we define
S(2)(a, n) :=
C
(2)
p (a, f, n)
2
=


1 if 2 ∤ n,
2 if 2 | n and a ≡ 5 (mod 8),
0 otherwise.
We now break up the product in (4.16) as∏
ℓ|L
C(ℓ)p (a, f, n) = S
(2)(a, n)
∏
ℓ|n1n2
ℓ 6=2
C(ℓ)p (a, f, n)
∏
ℓ|f1f2
ℓ∤n1n2
C(ℓ)p (a, f, n). (4.17)
Note that if ℓ | f1f2 and ℓ ∤ 2n1n2 then max{νℓ(4n1f 21 ), νℓ(4n2f 22 )} = max{νℓ(f 21 ), νℓ(f 22 )} > 0
and hence
(a, f, n) =
{
(a1, f1, n1) if max{νℓ(f 21 ), νℓ(f 22 )} = νℓ(f 21 ),
(a2, f2, n2) if max{νℓ(f 21 ), νℓ(f 22 )} = νℓ(f 22 ).
From Lemma 4.1 and (4.17) we have that∑
a1∈(Z/4n1Z)∗
a2∈(Z/4n2Z)∗
a1≡a2≡1 (mod 4)
(
a1
n1
)(
a2
n2
) ∑
b∈(Z/LZ)∗
D(p,b)≡a1f21 (mod 4n1f21 )
D(p,b)≡a2f22 (mod 4n2f22 )
1 = 2Cp,f(n1, n2)
∏
ℓ|f1f2
ℓ∤n1n2
C(ℓ)p (1, f, 1), (4.18)
where we define
Cp,f(n1, n2) :=
∑
a1∈(Z/4n1Z)∗,a2∈(Z/4n2Z)∗
a1≡a2≡1 (mod 4)
a1f21≡a2f22 (mod (4n1f21 ,4n2f22 ))
(
a1
n1
)(
a2
n2
)
S(2)(a, n)
∏
ℓ|n1n2
ℓ 6=2
C(ℓ)p (a, f, n). (4.19)
Then from (4.18) we can express the main term of (4.13) as
Y
∑
f1,f2≤V
1
f1f2
∑
P+(n1),P+(n2)≤y
n1,n2≤yu
2Cp,f(n1, n2)
ϕ(L)n1n2
∏
ℓ|f1f2
ℓ∤n1n2
C(ℓ)p (1, f, 1)
=Y
∑′
f1,f2≤V
∏
ℓ|f1f2 C
(ℓ)
p (1, f, 1)
f1f2
∑
P+(n1),P+(n2)≤y
n1,n2≤yu
2Cp,f(n1, n2)
ϕ(L)n1n2
∏
ℓ|(f1f2,n1n2)
C(ℓ)p (1, f, 1)
−1, (4.20)
where the prime on the sum over f1 and f2 indicates that the sums are to be restricted
to those f1, f2 such that C
(ℓ)
p (1, f, 1) 6= 0. Now, we consider the size of Cp,f(n1, n2) in the
following lemma. We delay the proof until Section 5.
16 JAMES PARKS with an appendix by Sumit Giri
Lemma 4.2. Let p, f1, f2, and f be odd integers. Then the function Cp,f(n1, n2) is multi-
plicative in n1, n2. Let α1, α2 be non-negative integers and let ℓ be an odd prime. Then
Cp,f(2
α1, 2α2) = 2max{α1,α2}(−1)α1+α2.
If ℓ = p and ℓ ∤ f1f2, then
Cp,f(p
α1 , pα2) = pmax{α1,α2}−1(p− 2).
If ℓ ∤ pf1f2, then
Cp,f(ℓ
α1 , ℓα2) = ℓmax{α1,α2}−1
{
ℓ− 1− (p
ℓ
)− (p−1
ℓ
)2
if 2 | α1 + α2,
−1− (p−1
ℓ
)2
if 2 ∤ α1 + α2.
If ℓ | f1f2, then
Cp,f(ℓ
α1, ℓα2)
ℓmax{α1,α2}−1
= C(ℓ)p (1, f, 1)


ℓ− 1 if α2 = 0, 2 | α1 and νℓ(f 21 ) ≥ νℓ(f 22 ),
ℓ− 1 if α1 = 0, 2 | α2 and νℓ(f 22 ) ≥ νℓ(f 21 ),
ℓ− 1 if α1 + α2 > 0, 2 | α1 + α2 and νℓ(f 21 ) = νℓ(f 22 ),
0 otherwise.
Furthermore, for any n1, n2 we have the bound
Cp,f(n1, n2)≪ n1n2
(n1, n2)κ2p(n1n2)
∏
ℓ|(f1f2,n1n2)
C(ℓ)p (1, f, 1),
where κ2p(m) is defined in (2.2).
The next step is to extend the sums in (4.20) to sums over all integers. We first focus
on bounding the inner sum. We note that if ((n1, n2), (f
2
1 , f
2
2 )) = 1 then (n1f
2
1 , n2f
2
2 ) =
(n1, n2)(f
2
1 , f
2
2 ). Otherwise, there exists a prime ℓ such that ℓ | ((n1, n2), (f 21 , f 22 )). If
Cp,f(ℓ
νℓ(n1), ℓνℓ(n2)) 6= 0 then from Lemma 4.2 either νℓ(f 21 ) = νℓ(f 22 ) or ℓ ∤ (n1, n2) and
thus (n1f
2
1 , n2f
2
2 ) = (n1, n2)(f
2
1 , f
2
2 ). This gives the bound
1
ϕ(L)
=
(4n1f
2
1 , 4n2f
2
2 )
ϕ(16n1n2f 21 f
2
2 )
=
(4n1, 4n2)(f
2
1 , f
2
2 )
ϕ(16n1n2f 21 f
2
2 )
≪ (n1, n2)(f
2
1 , f
2
2 )
ϕ(n1n2)ϕ(f 21 )ϕ(f
2
2 )
.
Hence, from Lemma 4.2 we have that
Cp,f(n1, n2)
ϕ(L)
≪ n1n2(f
2
1 , f
2
2 )
κ2p(n1n2)ϕ(n1n2)ϕ(f
2
1 )ϕ(f
2
2 )
∏
ℓ|(f1f2,n1n2)
C(ℓ)p (1, f, 1). (4.21)
From (4.21) we have that (4.20) becomes
Y
∑′
f1,f2≤V
∏
ℓ|f1f2 C
(ℓ)
p (1, f, 1)
f1f2
∑
P+(n1),P+(n2)≤y
2Cp,f(n1, n2)
ϕ(L)n1n2
∏
ℓ|(f1f2,n1n2)
C(ℓ)p (1, f, 1)
−1
+O
(
Y
∑′
f1,f2≤V
(f 21 , f
2
2 )
∏
ℓ|f1f2 C
(ℓ)
p (1, f, 1)
f1f2ϕ(f
2
1 )ϕ(f
2
2 )
( ∑
P+(n1),P+(n2)≤y
n1≤yu,n2>yu
+
∑
P+(n1),P+(n2)≤y
n1>yu,n2≤yu
+
∑
P+(n1),P+(n2)≤y
n1,n2>yu
)
1
κ2p(n1n2)ϕ(n1n2)
)
. (4.22)
AN ASYMPTOTIC FOR THE AVERAGE NUMBER OF AMICABLE PAIRS FOR ELLIPTIC CURVES 17
We now consider the three inner sums in the error term of (4.22). Let d := (n1, n2) and
write n1 = dn
′
1, n2 = dn
′
2. Since νℓ(d
2n′1n
′
2) ≡ νℓ(n′1n′2) (mod 2) we have that κ2p(d2n′1n′2) =
κ2p(n
′
1n
′
2) = κ2p(n
′
1)κ2p(n
′
2). Thus, breaking up the three inner sums in the error term in
(4.22) into sums over d gives
( ∑
P+(n1),P+(n2)≤y
n1≤yu,n2>yu
+
∑
P+(n1),P+(n2)≤y
n1>yu,n2≤yu
+
∑
P+(n1),P+(n2)≤y
n1,n2>yu
)
1
κ2p(n1n2)ϕ(n1n2)
≤
(∑
d≤yu
1
ϕ(d)2
∑
n′1≤ y
u
d
n′2>
yu
d
+
∑
d≤yu
1
ϕ(d)2
∑
n′1>
yu
d
n′2≤ y
u
d
+
∑
d≥1
1
ϕ(d)2
∑
n′1,n
′
2>
yu
d
)
1
κ2p(n′1)κ2p(n
′
2)ϕ(n
′
1)ϕ(n
′
2)
≤
(∑
d≤yu
1
ϕ(d)2
∑
n′1≤ y
u
d
n′2>
yu
d
+
∑
d≤yu
1
ϕ(d)2
∑
n′1>
yu
d
n′2≤ y
u
d
)
1
κ2p(n′1)κ2p(n
′
2)ϕ(n
′
1)ϕ(n
′
2)
+
∑
d≤yu
1
ϕ(d)2

 ∑
n′> y
u
d
1
κ2p(n′)ϕ(n′)


2
+
∑
d>yu
1
ϕ(d)2
(∑
n′≥1
1
κ2p(n′)ϕ(n′)
)2
. (4.23)
From Lemma 2.7 and partial summation we have that (4.23) is bounded by
∑
d≤yu
(
1
ϕ(d)2
√
d
y
u
2
+
1
ϕ(d)2
d
yu
)
+
∑
d>yu
1
ϕ(d)2
≪ u(log y)(log log y
u)2
yu
.
By Lemma 4.1 there exists an ǫ > 0 such that
∏
ℓ|f1f2
C(ℓ)p (1, f, 1)≪
∏
ℓ|f1f2
2 = 2ω(f1f2) ≪ 2
log f1f2
log log f1f2 ≪ f ǫ1f ǫ2,
where ω(n) denotes the number of prime divisors of n and thus from (4.22) we have that
(4.20) becomes
Y
∑′
f1,f2≤V
∏
ℓ|f1f2 C
(ℓ)
p (1, f, 1)
f1f2
∑
P+(n1)≤y
P+(n2)≤y
2Cp,f(n1, n2)
ϕ(L)n1n2
∏
ℓ|(f1f2,n1n2)
C(ℓ)p (1, f, 1)
−1
+O
(
Y
u(log y)(log log yu)2
yu
)
. (4.24)
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Now, as in (4.22) we write (4.24) as
∑′
f1,f2≤V
∏
ℓ|f1f2 C
(ℓ)
p (1, f, 1)
f1f2
∑
n1,n2≥1
2Cp,f(n1, n2)
ϕ(L)n1n2
∏
ℓ|(f1f2,n1n2)
C(ℓ)p (1, f, 1)
−1
+O
(
Y
∑′
f1,f2≤V
(f 21 , f
2
2 )
∏
ℓ|f1f2 C
(ℓ)
p (1, f, 1)
f1f2ϕ(f
2
1 )ϕ(f
2
2 )
( ∑
P+(n1)>y
P+(n2)≤y
+
∑
P+(n1)≤y
P+(n2)>y
+
∑
P+(n1),P+(n2)>y
)
1
κ2p(n1n2)ϕ(n1n2)
+ Y
u(log y)(log log yu)2
yu
)
. (4.25)
Following analogously to (4.23) we have that the three inner sums in the error term in (4.25)
are bounded by( ∑
P+(n1)>y
P+(n2)≤y
+
∑
P+(n1)≤y
P+(n2)>y
+
∑
P+(n1),P+(n2)>y
)
1
κ2p(n1n2)ϕ(n1n2)
≪ 1√
y
. (4.26)
Thus, from (4.26) we can write (4.25) as
Y
∑′
f1,f2≥1
∏
ℓ|f1f2 C
(ℓ)
p (1, f, 1)
f1f2
∑
n1,n2≥1
2Cp,f(n1, n2)
ϕ(L)n1n2
∏
ℓ|(f1f2,n1n2)
C(ℓ)p (1, f, 1)
−1
+O
(
Y
( ∑
f1≤V
f2>V
+
∑
f1>V
f2≤V
+
∑
f1,f2>V
)
(f 21 , f
2
2 )
∏
ℓ|f1f2 C
(ℓ)
p (1, f, 1)
f1f2ϕ(f 21 )ϕ(f
2
2 )
∑
n1,n2≥1
1
κ2p(n1n2)ϕ(n1n2)
+Y
(log log yu)2
yu
+
Y√
y
)
. (4.27)
Following as above, we have that there exists an ǫ > 0 such that( ∑
f1≤V
f2>V
+
∑
f1>V
f2≤V
+
∑
f1,f2>V
)
(f 21 , f
2
2 )
∏
ℓ|f1f2 C
(ℓ)
p (1, f, 1)
f1f2ϕ(f
2
1 )ϕ(f
2
2 )
∑
n1,n2≥1
1
κ2p(n1n2)ϕ(n1n2)
≪ (log log V )
V 1−ǫ
.
(4.28)
Combining (4.27) and (4.28) with (4.13) gives
S1 =Y
∑′
f1,f2≥1
∏
ℓ|f1f2 C
(ℓ)
p (1, f, 1)
f1f2
∑
n1,n2≥1
2Cp,f(n1, n2)
ϕ(L)n1n2
∏
ℓ|(f1f2,n1n2)
C(ℓ)p (1, f, 1)
−1
+Oα
(
Y (log log 4p)2
(log 4p)α−3
+
Y u(log p)3(log y)2
eu
+
√
p(log p)u2(log y)2
V
1
4
+
Y√
y
+
Y (log log V )
V 1−ǫ
+ y2u(log V )2(u2(log y)2 + log p) +
∑
f1,f2≤V
f1f2
∑
n1,n2≤yu
E(X, Y ;L) +
Y (log log yu)2
yu
)
.
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Choosing
V := (log 4p)4ν+4γ+12 and u :=
log 4p
(log log 4p)2
,
yields
S1 =Y
∑′
f1,f2≥1
∏
ℓ|f1f2 C
(ℓ)
p (1, f, 1)
f1f2
∑
n1,n2≥1
2Cp,f(n1, n2)
ϕ(L)n1n2
∏
ℓ|(f1f2,n1n2)
C(ℓ)p (1, f, 1)
−1
+Oα

 Y
(log p)γ
+
∑
f1,f2≤(log 4p)4ν+4γ+12
f1f2
∑
n1,n2≤pǫ
E(X, Y ;L)

 . (4.29)
We now show that the sums in the main term of (4.29) converge. Recall that L =
4[n1f
2
1 , n2f
2
2 ]. From the properties of the Euler ϕ-function we have that
1
f1f2
1
n1n2ϕ(L)
=
1
f 21ϕ(f1)f
2
2ϕ(f2)
ϕ((n1, f1))ϕ((n2, f2))ϕ((4n1f
2
1 , 4n2f
2
2 ))
n1ϕ(4n1)(n1, f1)n2ϕ(4n2)(n2, f2)
.
To simplify our notation, we define the following multiplicative functions,
g1(fi) :=
1
f 2i ϕ(fi)
and g2(ni, fi) :=
ϕ((ni, fi))
niϕ(4ni)(ni, fi)
for i = 1, 2.
Then we rewrite the main term of (4.29) as R(p)Y where
R(p) :=
∑′
f1,f2≥1
g1(f1)g1(f2)
∏
ℓ|f1f2
C(ℓ)p (1, f, 1)
∑
n1,n2≥1
2g2(n1, f1)g2(n2, f2)
× ϕ((4n1f 21 , 4n2f 22 ))Cp,f(n1, n2)
∏
ℓ|(f1f2,n1n2)
C(ℓ)p (1, f, 1)
−1. (4.30)
Let n1 := n
′
1n
′′
1, n2 := n
′
2n
′′
2. Then we say that the function h(n1, n2) is multiplicative if
h(n1, n2) = h(n
′
1, n
′
2)h(n
′′
1, n
′′
2) when (n
′
1n
′
2, n
′′
1n
′′
2) = 1. From Lemma 4.2 we have that the
functions of n1 and n2 are multiplicative, so the sum over n1, n2 in (4.30) becomes
ϕ((f 21 , f
2
2 ))
{
2
∑
α1,α2≥0
g2(2
α1 , f1)g2(2
α2 , f2)ϕ((2
2+α1 , 22+α2))Cp,f(2
α1 , 2α2)
}
×
{
4
∑
α1,α2≥0
g2(p
α1 , f1)g2(p
α2 , f2)ϕ((p
α1, pα2))Cp,f(p
α1 , pα2)
}
×
∏
ℓ∤2pf1f2
{
4
∑
α1,α2≥0
g2(ℓ
α1 , f1)g2(ℓ
α2 , f2)ϕ((ℓ
α1, ℓα2))Cp,f(ℓ
α1 , ℓα2)
}
×
∏
ℓ|f1f2
ℓ 6=p
{
1 + 4
∑
α1,α2≥0
α1+α2>0
g2(ℓ
α1 , f1)g2(ℓ
α2 , f2)
ϕ((ℓα1f 21 , ℓ
α2f 22 ))Cp,f(ℓ
α1 , ℓα2)
ϕ((f 21 , f
2
2 ))C
(ℓ)
p (1, f, 1)
}
, (4.31)
by factoring out ϕ((f 21 , f
2
2 )) from each product in (4.31).
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We now invoke Lemma 4.2 and consider each term in (4.31) separately. For the first term
we have that g2(2
αi , fi) =
1
22αi+1
for αi ≥ 0 and thus the first term in (4.31) becomes
1 + 2
∑
α≥1
[−1
2
]α
+
∑
α1≥1
[−1
2
]α1 ∑
α2≥1
[−1
2
]α2
=
4
9
. (4.32)
For the second term we have that
g2(p
αi , fi) =
{
1
2
if αi = 0,
p
2p2αi (p−1) if αi > 0,
and thus the second sum in (4.31) becomes
1 +
2(p− 2)
p− 1
∑
α≥1
[
1
p
]α
+
p− 2
p− 1
∑
α1≥1
[
1
p
]α1 ∑
α2≥1
[
1
p
]α2
= 1 +
(p− 2)(2p− 1)
(p− 1)3 . (4.33)
For the third sum, if ℓ ∤ 2pf1f2 then
g2(ℓ
αi , fi) =
{
1
2
if αi = 0,
ℓ
2ℓ2αi (ℓ−1) if αi > 0,
and thus the third sum in (4.31) becomes
1 +
2
ℓ− 1
∑
α≥1
[
1
ℓ
]α [
−1−
(
p− 1
ℓ
)2
+
[
ℓ−
(p
ℓ
)] [1 + (−1)α
2
]]
+
1
ℓ− 1
∑
α1≥1
[
1
ℓ
]α1 ∑
α2≥1
[
1
ℓ
]α2 [
−1 −
(
p− 1
ℓ
)2
+
[
ℓ−
(p
ℓ
)] [1 + (−1)α1+α2
2
]]
=1− (2ℓ
3 + 3ℓ2 − 1) (p−1
ℓ
)2
+ (3ℓ2 − 1) (p
ℓ
)− ℓ3 + 3ℓ2 + ℓ− 1
(ℓ− 1)(ℓ2 − 1)2 . (4.34)
For the fourth term, if ℓ | f1f2 then
g2(ℓ
αi , fi) =
{
1
2
if αi = 0,
1
2ℓ2αi
if αi > 0,
and thus the last term in (4.31) becomes
1 +
∑
α1,α2≥0
α1+α2>0
[
1
ℓ2
]α1+α2 ϕ((ℓα1f 21 , ℓα2f 22 ))Cp,f(ℓα1 , ℓα2)
ϕ((f 21 , f
2
2 ))C
(ℓ)
p (1, f, 1)
. (4.35)
From Lemma 4.2, we must consider two cases. The first case is if min{α1, α2} = 0, the
second case is if min{α1, α2} > 0. In the first case, if νℓ(f 21 ) > νℓ(f 22 ) then we have that
(ℓα1f 21 , f
2
2 ) = (f
2
1 , f
2
2 ) and similarly if νℓ(f
2
2 ) > νℓ(f
2
1 ) then (f
2
1 , ℓ
α2f 22 ) = (f
2
1 , f
2
2 ). Thus, in
this case (4.35) becomes
1 +
ℓ− 1
2ℓ
∑
α≥1
[
1
ℓ
]α
(1 + (−1)α) = 1 + 1
ℓ(ℓ+ 1)
.
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If νℓ(f
2
1 ) = νℓ(f
2
2 ), since ℓ | f1f2, when α1, α2 ≥ 1 we have that ϕ((ℓα1f 21 , ℓα2f 22 )) =
ℓmin{α1,α2}ϕ((f 21 , f
2
2 )). Hence, in this case (4.35) becomes
1 +
ℓ− 1
ℓ
∑
α≥1
[
1
ℓ
]α
(1 + (−1)α) + ℓ− 1
2ℓ
∑
α1,α2≥1
[
1
ℓ
]α1+α2 (
1 + (−1)α1+α2)
=1 +
3ℓ2 − 1
ℓ(ℓ− 1)(ℓ+ 1)2 .
By combining (4.32), (4.33), (4.34) and (4.35) we have that the sum over n1, n2 in (4.30)
becomes
4
9
ϕ((f 21 , f
2
2 ))F0(p)
∏
ℓ∤2pf1f2
F1(ℓ)
∏
ℓ|f1f2
ℓ 6=p
F2(ℓ, f1, f2), (4.36)
where, for any odd prime ℓ, we make the definitions
F0(p) := 1 +
(p− 2)(2p− 1)
(p− 1)3 ,
F1(ℓ) := 1−
(2ℓ3 + 3ℓ2 − 1) (p−1
ℓ
)2
+ (3ℓ2 − 1) (p
ℓ
)− ℓ3 + 3ℓ2 + ℓ− 1
(ℓ− 1)(ℓ2 − 1)2 ,
F2(ℓ, f1, f2) :=
{
1 + 1
ℓ(ℓ+1)
if νℓ(f
2
1 ) 6= νℓ(f 22 ),
1 + 3ℓ
2−1
ℓ(ℓ−1)(ℓ+1)2 if νℓ(f
2
1 ) = νℓ(f
2
2 ).
Hence, (4.30) becomes
R(p) =
4
9
F0(p)
∏
ℓ 6=2,p
F1(ℓ)
∑′
f1,f2≥1
g1(f1)g1(f2)ϕ((f
2
1 , f
2
2 ))
∏
ℓ|f1f2
C(ℓ)p (1, f, 1)
F2(ℓ, f1, f2)
F1(ℓ)
. (4.37)
We have that
g1(ℓ
αi) =
{
1 if αi = 0,
ℓ
ℓ3αi (ℓ−1) if αi > 0,
so the sum in (4.37) over f1, f2 may be factored as
∏
ℓ 6=2,p
{
1+
ℓ
[
1 +
(
p(p−1)2
ℓ
)]
(ℓ− 1)F1(ℓ)
[∑
α≥1
[
1
ℓ3
]α
(F2(ℓ, ℓ
α, 1) + F2(ℓ, 1, ℓ
α))
+
∑
α1≥1
[
1
ℓ3
]α1 ∑
α2≥1
[
1
ℓ3
]α2
ℓ2min{α1,α2}F2(ℓ, ℓα1, ℓα2)
]}
=
∏
ℓ 6=2,p
{
1+
[
1 +
(
p(p−1)2
ℓ
)]
F1(ℓ)
[
2ℓ3 + 3ℓ2 − ℓ− 1
(ℓ2 − 1)3
]}
. (4.38)
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Combining (4.34), (4.37) and (4.38) gives the equation
R(p) =
4
9
F0(p)
∏
ℓ 6=2,p
(
1− (2ℓ
4 + 3ℓ3)
(
p−1
ℓ
)2
+ ℓ3
(
p
ℓ
)− ℓ4 + 2ℓ3 + 4ℓ2 − 1
(ℓ2 − 1)3
+
(2ℓ3 + 3ℓ2 − ℓ− 1)
((
p−1
ℓ
)2
+
(
p
ℓ
)− 1− (p(p−1)2
ℓ
))
(ℓ2 − 1)3
)
. (4.39)
Note that since ℓ 6= p we have that
(
p− 1
ℓ
)2
+
(p
ℓ
)
− 1−
(
p(p− 1)2
ℓ
)
= 0,
and hence (4.39) becomes
R(p) =
4
9
F0(p)
∏
ℓ 6=2,p
(
1− (2ℓ
4 + 3ℓ3)
(
p−1
ℓ
)2
+ ℓ3
(
p
ℓ
)− ℓ4 + 2ℓ3 + 4ℓ2 − 1
(ℓ2 − 1)3
)
.
Since
F0(p)
(
1− 2p
4 + 3p3 − p4 + 2p3 + 4p2 − 1
(p2 − 1)
)−1
= 1 +O
(
1
p2
)
,
we have that R(p) = C2(p)(1 +O(p
−2)) and the result follows. 
5. Proof of Lemma 4.2
We now provide the proof of Lemma 4.2 stated in the previous section. The function
Cp,f(n1, n2) is very similar to the function CN,f(n) considered in [DS1, Lemma 11] and we
will make frequent reference to their paper in the following proof. For the duration of
this section let a1, a2, f1, f2, n1, n2 be integers such that f1 and f2 are odd and recall that
L = 4[n1f
2
1 , n2f
2
2 ].
Proof. (Proof of Lemma 4.2) We first show that Cp,f(n1, n2) is multiplicative in two variables.
Let n1 := n
′
1n
′′
1, n2 := n
′
2n
′′
2. Recall the function Cp,f(n1, n2) is multiplicative if Cp,f(n1, n2) =
Cp,f(n
′
1, n
′
2)Cp,f(n
′′
1, n
′′
2) when (n
′
1n
′
2, n
′′
1n
′′
2) = 1 and Cp,f(1, 1) = 1.
Define (a′, f, n′) and (a′′, f, n′′) analogously to (4.15). Now, suppose that (n′1n
′
2, n
′′
1n
′′
2) = 1,
then we can assume that at least one of n′1n
′
2 and n
′′
1n
′′
2 is odd. Without loss of general-
ity, we assume that n′1n
′
2 is odd and hence n
′ is also odd. Therefore there exist integers
h′1, h
′′
1, h
′
2, h
′′
2, h
′, h′′ such that
4n′′1h
′′
1 + n
′
1h
′
1 = 4n
′′
2h
′′
2 + n
′
2h
′
2 = 4n
′′h′′ + n′h′ = 1. (5.1)
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Since we assumed that n′1n
′
2 is odd, we have that S
(2)(a′, n′) = 1 and by definition,
Cp,f(n
′
1, n
′
2)Cp,f(n
′′
1, n
′′
2)
=
∑
a′1∈(Z/n′1Z)∗
(
a′1
n′1
) ∑
a′2∈(Z/n′2Z)∗
a′1f
2
1≡a′2f22 (mod (4n′1f21 ,4n′2f22 ))
(
a′2
n′2
) ∏
ℓ|n′1n′2
ℓ 6=2
C(ℓ)p (a
′, f, n′)
×
∑
a′′1∈(Z/4n′′1Z)∗
a′′1≡1 (mod 4)
(
a′′1
n′′1
) ∑
a′′2∈(Z/4n′′2Z)∗
a′′2≡1 (mod 4)
a′′1 f
2
1≡a′′2 f22 (mod (4n′′1 f21 ,4n′′2f22 ))
(
a′′2
n′′2
)
S(2)(a′′, n′′)
∏
ℓ|n′′1n′′2
C(ℓ)p (a
′′, f, n′′). (5.2)
From (5.1) we have that a′1 = a
′
1(4n
′′
1h
′′
1 + n
′
1h
′
1), and hence(
a′1
n′1
)
=
(
a′1(4n
′′
1h
′′
1 + n
′
1h
′
1)
n′1
)
=
(
a′14n
′′
1h
′′
1
n′1
)
=
(
a′14n
′′
1h
′′
1 + a
′′
1n
′
1h
′
1
n′1
)
.
Similarly, we have that (
a′′1
n′′1
)
=
(
a′14n
′′
1h
′′
1 + a
′′
1n
′
1h
′
1
n′′1
)
,
and the analogous results for a′2 and a
′′
2.
We assumed that (n′, n′′) = 1 and we have that n′1 ≡ n′2 ≡ 0 (mod (4n′1f 21 , 4n′2f 22 )). Thus,
a′1f
2
1 = a
′
1(4n
′′
1h
′′
1 + n
′
1h
′
1)f
2
1 ≡ (a′14n′′1h′′1)f 21 ≡ (a′14n′′1h′′1 + a′′1n′1h′1)f 21
≡ (a′24n′′2h′′2 + a′′2n′2h′2)f 22 (mod (4n′1n′′1f 21 , 4n′2n′′2f 22 )).
Hence, the right hand side of (5.2) becomes∑
a′1∈(Z/n′1Z)∗
a′′1∈(Z/4n′′1Z)∗
a′′1≡1 (mod 4)
(
a′14n
′′
1h
′′
1 + a
′′
1n
′
1h
′
1
n′1n
′′
1
) ∑
a′2∈(Z/n′2Z)∗,a′′2∈(Z/4n′′2Z)∗
a′′2≡1 (mod 4)
(a′14n
′′
1h
′′
1+a
′′
1n
′
1h
′
1)f
2
1≡(a′24n′′2h′′2+a′′2n′2h′2)f22 (mod (4n′1n′′1 f21 ,4n′2n′′2f22 ))
×
(
a′24n
′′
2h
′′
2 + a
′′
2n
′
2h
′
2
n′2n
′′
2
)
S(2)(a′4n′′h′′ + a′′n′h′, n′n′′)
∏
ℓ|n′1n′′1n′2n′′2
C(ℓ)p (a
′4n′′h′′ + a′′n′h′, f, n′n′′)
=Cp,f(n
′
1n
′′
1, n
′
2n
′′
2),
and thus Cp,f(n1, n2) is multiplicative.
Now let αi := νℓ(ni) for i = 1, 2 and consider the sum Cp,f(ℓ
α1 , ℓα2). Without loss of
generality it suffices to consider the case when (a, f, n) = (a1, f1, ℓ
α1) since Cp,f(ℓ
α1 , ℓα2) is
symmetric.
We first consider Cp,f(2
α1 , 2α2), when α1 ≥ 1 and α1 ≥ α2. From Lemma 4.1 we have that
Cp,f(2
α1 , 2α2) = 2
∑
a1∈(Z/2α1+2Z)∗
a1≡5 (mod 8)
( a1
2α1
) ∑
a2∈(Z/2α2+2Z)∗
a2≡1 (mod 4)
a1f21≡a2f22 (mod 22+α2 (f21 ,f22 ))
( a2
2α2
)
= 2
∑
a1∈(Z/2α1+2Z)∗
a1≡5 (mod 8)
(a1
2
)α1+α2
= 2α1
∑
a1∈(Z/8Z)∗
a1≡5 (mod 8)
(a1
2
)α1+α2
= 2α1(−1)α1+α2 .
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Next we consider when ℓ ∤ 2f1f2. In this case,
Cp,f(ℓ
α1 , ℓα2) =
∑
a1∈(Z/4ℓα1Z)∗
a1≡1 (mod 4)
( a1
ℓα1
)
C(ℓ)p (a1, f1, ℓ
α1)
∑
a2∈(Z/4ℓα2Z)∗
a2≡1 (mod 4)
a1f21≡a2f22 (mod 4(f21 ,f22 )ℓα2 )
( a2
ℓα2
)
.
Since ℓ ∤ f1f2, we have that the inner sum above becomes
∑
a2∈(Z/4ℓα2Z)∗
a2≡1 (mod 4)
a1f21≡a2f22 (mod ℓα2 )
( a2
ℓα2
)
=
(a1
ℓ
)α2
,
and hence
Cp,f(ℓ
α1 , ℓα2) =
∑
a1∈(Z/4ℓα1Z)∗
a1≡1 (mod 4)
(a1
ℓ
)α1+α2
C(ℓ)p (a1, f1, ℓ
α1). (5.3)
We have that the sum in (5.3) differs only by the exponent on the Legendre symbol from
the quantity CN,f(ℓ
α) considered in [DS1, Equation (38)]. It follows that their method can
be applied analogously to obtain the formula for Cp,f(ℓ
α1 , ℓα2) in the case ℓ ∤ 2f1f2 given in
the statement of the lemma.
It remains to consider the case when ℓ | f1f2. We assumed that (a, f, n) = (a1, f1, ℓα1),
and therefore (4ℓα1f 21 , 4ℓ
α2f 22 ) = 4ℓ
α2+νℓ(f
2
2 )(f 21 /ℓ
νℓ(f
2
1 ), f 22 /ℓ
νℓ(f
2
2 )) and in this case
Cp,f(ℓ
α1 , ℓα2) = C(ℓ)p (1, f, 1)
∑
a1∈(Z/4ℓα1Z)∗
a1≡1 (mod 4)
( a1
ℓα1
) ∑
a2∈(Z/4ℓα2Z)∗
a2≡1 (mod 4)
a1f21≡a2f22 (mod 4ℓα2+νℓ(f
2
2 )(f21 /ℓ
νℓ(f
2
1 ),f22 /ℓ
νℓ(f
2
2 )))
( a2
ℓα2
)
= C(ℓ)p (1, f, 1)
∑
a1∈(Z/ℓα1Z)∗
( a1
ℓα1
) ∑
a2∈(Z/ℓα2Z)∗
a1f21≡a2f22 (mod ℓα2+νℓ(f
2
2 ))
( a2
ℓα2
)
. (5.4)
If α2 = 0, since a2f
2
2 ≡ 0 (mod ℓνℓ(f22 )), for a solution to exist we must have that a1f 21 ≡ 0
(mod ℓνℓ(f
2
2 )) as well. Thus, we require that νℓ(f
2
2 ) ≤ νℓ(f 21 ). This gives
Cp,f(ℓ
α1 , 1) = C(ℓ)p (1, f, 1)
∑
a1∈(Z/ℓα1Z)∗
( a1
ℓα1
)
= C(ℓ)p (1, f, 1)ℓ
α1−1
∑
a1∈(Z/ℓZ)∗
(a1
ℓ
)α1
= C(ℓ)p (1, f, 1)ℓ
α1−1
{
ℓ− 1 if 2 | α1 and νℓ(f 22 ) ≤ νℓ(f 21 ),
0 otherwise.
If α2 ≥ 1 then a1f 21 ≡ a2f 22 (mod ℓα2+νℓ(f22 )) has a solution if and only if (a2f 22 , ℓα2+νℓ(f22 )) =
ℓνℓ(f
2
2 ) | a1f 21 . Thus, we require that νℓ(f 22 ) ≤ νℓ(f 21 ). Now define integers h1 and h2 such
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that f 21 = h
2
1ℓ
νℓ(f
2
1 ), f 22 = h
2
2ℓ
νℓ(f
2
2 ) and (h1h2, ℓ) = 1. Then the sum over a2 in (5.4) becomes∑
a2∈(Z/ℓα2Z)∗
a1f21≡a2f22 (mod ℓα2+νℓ(f
2
2 ))
(a2
ℓ
)α2
=
∑
a2∈(Z/ℓα2Z)∗
a2≡a1h21(h22)−1ℓνℓ(f
2
1 )−νℓ(f
2
2 ) (mod ℓα2 )
(a2
ℓ
)α2
=
(
a1ℓ
νℓ(f
2
1 )−νℓ(f22 )
ℓ
)α2
=
(
ℓ(νℓ(f
2
1 )−νℓ(f22 ))
ℓ
)(a1
ℓ
)α2
.
Then in this case we have that
Cp,f(ℓ
α1 , ℓα2) =
(
ℓ(νℓ(f
2
1 )−νℓ(f22 ))
ℓ
)
C(ℓ)p (1, f, 1)
∑
a1∈(Z/ℓα1Z)∗
(a1
ℓ
)α1+α2
= C(ℓ)p (1, f, 1)ℓ
α1−1
{
ℓ− 1 if 2 | α1 + α2 and νℓ(f 21 ) = νℓ(f 22 ),
0 otherwise.
Since Cp,f(n1, n2) is multiplicative, we have for a prime ℓ that
Cp,f(n1, n2) =
∏
ℓ|n1n2
Cp,f(ℓ
νℓ(n1), ℓνℓ(n2)).
Then it follows from the above results that
Cp,f(ℓ
νℓ(n1), ℓνℓ(n2))≪
(
ℓνℓ(n1)+νℓ(n2)
(ℓνℓ(n1), ℓνℓ(n2))κ2p(ℓνℓ(n1)+νℓ(n2))
) ∏
ℓ|(f1f2,n1n2)
C(ℓ)p (1, f, 1)
with an absolute constant. The result follows by taking the product over ℓ | n1n2. 
Appendix A. by Sumit Giri
The goal of this appendix is to determine the average of the function C2(p), defined in
(1.4), over the set of primes up to X . We state this result as follows.
Theorem A.1. Let C2(p) be the constant defined in (1.4). Then for any M > 0, we have∑
p≤X
C2(p) = Cπ(X)
(
1 +O
(
1
(logX)M
))
,
where C is given by
C :=
∏
ℓ
(
1− (2ℓ
4 + 3ℓ3)(ℓ− 2)− (ℓ− 1)(ℓ4 − 2ℓ3 − 4ℓ2 + 1)
(ℓ− 1)(ℓ2 − 1)3
)
.
Proof. First recall the function
C2(p) :=
4
9
∏
ℓ>2
(
1− (2ℓ
4 + 3ℓ3)
(
p−1
ℓ
)2
+ ℓ3
(
p
ℓ
)− ℓ4 + 2ℓ3 + 4ℓ2 − 1
(ℓ2 − 1)3
)
.
For each prime p, we define the function fp(ℓ) by
fp(ℓ) := (2ℓ
4 + 3ℓ3)
(
p− 1
ℓ
)2
+ ℓ3
(p
ℓ
)
− ℓ4 + 2ℓ3 + 4ℓ2 − 1.
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Then ∑
p≤X
C2(p) =
∑
p≤X
∑
n≥1
n odd
(−1)ω(n)µ
2(n)
n2
∏
ℓ|n
(
fp(ℓ)ℓ
2
(ℓ2 − 1)3
)
(A.1)
where ω(n) is the number of distinct prime factors of n and µ(n) is the Mo¨bius function. In
(A.1) we restrict the inner sum to integers n ≤ (logX)M , which gives rise to an error term
of size X/(logX)B. Thus, the main term in (A.1) becomes∑
1≤n≤(logX)M
n odd
(−1)ω(n)µ2(n)
∏
ℓ|n
1
(ℓ2 − 1)3
∑
p≤X
∏
ℓ|n
fp(ℓ). (A.2)
Now we define three multiplicative functions a(·), b(·), and c(·), supported on square-free
integers by
a(ℓ) = 2ℓ4 + 3ℓ3, b(ℓ) = ℓ3, c(ℓ) = 2ℓ3 − ℓ4 + 4ℓ2 − 1. (A.3)
In other words, fp(ℓ) = a(ℓ)
(
p−1
ℓ
)2
+ b(ℓ)
(
p
ℓ
)
+ c(ℓ) if ℓ is prime. For every odd integer n,
we have∑
p≤X
∏
ℓ|n
fp(ℓ) =
∑
p≤X
∑
n1n2n3=n
(n1,n2)=(n2,n3)=(n3,n1)=1
a(n1)
(
p− 1
n1
)2
b(n2)
(
p
n2
)
c(n3)
=
∑
n1n2n3=n
(n1,n2)=(n2,n3)=(n3,n1)=1
a(n1)b(n2)c(n3)
∑
p≤X
(p−1,n1)=1
(
p
n2
)
=
∑
n1n2n3=n
(n1,n2)=(n2,n3)=(n3,n1)=1
a(n1)b(n2)c(n3)
∑
b∈(Z/n2Z)∗
(
b
n2
) ∑
p≤X
p≡b (mod n2)
(p−1,n1)=1
1. (A.4)
We now consider the multiplicative function
δ(m) := #{1 ≤ a ≤ m− 1 : (a,m) = (a+ 1, m) = 1}.
Then, using the Siegel–Walfisz theorem for modulus n1n2 ≤ (logX)M , the last sum in (A.4)
is equal to δ(n1)Li(X)
φ(n1n2)
with an error term E(X), bounded by X · exp(−c(logX) 12 ) for some
constant c. Note that since n ≤ (logX)M , the error term E(X) does not affect the size of
the error term in the statement of the theorem.
Finally, the main term in (A.4) is then equal
Li(X)
∑
n1n2n3=n
(n1,n2)=(n2,n3)=(n3,n1)=1
δ(n1)a(n1)b(n2)c(n3)
φ(n1n2)
∑
b∈(Z/n2Z)∗
(
b
n2
)
.
We have that the last sum in the above expression is zero if n2 ≥ 3. Also since n is odd, the
only contribution comes from the trivial case n2 = 1.
In that case, (A.2) becomes
π(X)
∑
n≥1
n odd
(−1)ω(n)µ2(n)
∏
ℓ|n
1
(ℓ2 − 1)3
∑
n1n3=n
(n3,n1)=1
δ(n1)a(n1)c(n3)
φ(n1)
+O
(
X
(logX)M+1
)
. (A.5)
AN ASYMPTOTIC FOR THE AVERAGE NUMBER OF AMICABLE PAIRS FOR ELLIPTIC CURVES 27
We have that the function inside the outer sum in the main term in (A.5) is multiplicative
in n, and hence can be written as the Euler product∏
ℓ>2
(
1− (a(ℓ)δ(ℓ)/φ(ℓ)) + c(ℓ)
(ℓ2 − 1)3
)
.
Then the result follows from the fact that δ(ℓ) = (ℓ− 2). This completes the proof.

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